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Sliding friction dynamics of hard single asperities on soft substrates
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The sliding friction of hard, micron-sized single asperities sliding on soft polyester films was studied.
Transitions from steady sliding to so-called ‘‘stick-slip’’ or nonstationary motion occur for decreasing driving
speed, decreasing driving spring stiffness, increasing normal load, decreasing tip radius, and decreasing
crosslink density. Normal displacements of the tip during sliding were studied in some detail. It is argued these
play an important role in the dynamics of the system, being the dominant factor in determining the contact area
between asperity and substrate. A rather simple model is proposed that is related to rate-and-state descriptions
of stick-slip phenomena. In this particular description the normal displacement plays a part analogous to that
of the state parameter. In a limited comparison of experiment and numerical results we find qualitative
agreement on all measured trends.
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I. INTRODUCTION

Scientific research into sliding friction aims to identi
and quantify physical mechanisms that lead to dissipatio
sliding contacts. In the last decade or so, two modificati
of the previous experimental situations have proven to
very important:

~1! the use of ‘‘single asperity’’ contacts,
~2! delibirate study of dynamic sliding behavior of slidin

contacts by excursions in the dynamical parameter spac
A sketch of a typical experimental situation is shown

Fig. 1. Single asperity contacts can be much better defi
than everyday multiple asperity contacts, which allows o
to critically compare theory and experiment. We
established single asperity techniques are friction force
croscopy~FFM! @1# and the Surface Force Apparatus~SFA!
@2#. Recently we have described an apparatus, the la
force apparatus~LFA! @3#, Fig. 2, that allows single asperit
measurements in a different range of contact situations@Fig.
4~a!–4~b!, also Secs. II E and II F#.

Studies offriction dynamicshave attracted a considerab
amount of attention in recent years. A typical sliding frictio
experiment, Figs. 3~a!-3~g!, starts at some timet50 when
the asperity is brought into contact with the surface w
normal forceFn and at positionx50. The driving equipment
starts moving the base of a cantilever with lateral stiffneskl
at time t5t0 , and quickly reachesvs . The extension of the
spring is measured during some time, which leads to a t
series of lateral force valuesFl(t)5kl@vst2x(t)#. The be-
havior ofFl(t) in time is found to depend both on the pro
erties of the loading equipment and on the physical prop
ties of the contact. If the properties of the loading equipm
are known, hypotheses on the physical behavior can lea
predicted time series ofFl(t) that can be compared to ex
periments. To focus on these physical mechanisms it
proven essential to have an experimental record that spa
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wide region in dynamic parameter~i.e., t0 ,vs ,kl ,Fn) space
~Fig. 1 and Fig. 3, Sec. II A!. Interestingly, dynamic behavio
encountered in sliding systems operating at widely differ
lengthscales and in seemingly very different physical c
cumstances, shows many common characteristics. Exam
of such similar behavior occur in earthquakes@4–6#, con-
fined layers of fluids~boundary lubrication! @7#, granular ma-
terials @8–10#, and paper-paper contacts@11,12#.

A combination of these two developments, that is t
study of friction dynamics of single asperities, has proven
be very fruitful in the field of boundary lubrication, partl
due to the possibility of comparison with molecula
dynamics calculations@13#. In contrast the studies on ‘‘dry’’
friction dynamics, friction between unlubricated solids~Sec.
II !, have all been performed on multiasperity systems. St
ies of single asperity dry friction dynamics, such as d
scribed in this paper, are therefore an interesting way to p
ceed.

The system studied consists of hard, rigid, asperities s
ing on, or ploughing through, soft polyester layers. And
deed key aspects of the friction dynamics observed in o
systems, are also present in the experiments reported
~Sec. III B!. We anticipate that the observed behavior is r
evant for the friction and wear behavior of many polyme
and polymer coated metals.

FIG. 1. Sketch of a single asperity sliding contact. The dyna
cal parameters used in the text are shown in the figure.
©2001 The American Physical Society21-1
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Based on the experimental record we propose a ra
simplified physical description of the experiment that nev
theless leads to useful insight in the complexity of the d
namics, ~Sec. IV A!. This description is compared to th
well-established rate-and-state formulations that have b
successful in capturing the phenomenology of friction d
namics. The descriptions are shown to be analogous. H
ever, in the description presented here, the usual phenom
logical state parameters are absent. Instead others appea
are more clearly related to measurable quantities and to
scriptions of the behavior of the substrate material in ter
of constitutive relations. All experimentally observed tren
are qualitatively reproduced~Secs. IV B, IV E!.

The paper is organized as follows: relevant backgrou
will be discussed first, in Sec. II. The aim is to make cle
where this paper fits in already existing experimental a
conceptual framework and where new elements are in
duced. The experimental set up and results are present
Sec. III. A model description of the experiments is given
Sec. IV. Discussion and conclusions follow in Secs. V a
VI.

II. BACKGROUND

A. Dynamic sliding friction

Sketches of typical time series of experimentally obser
dynamic behavior during this and other work on dynam
friction are shown in Fig. 3. Transitory behavior eventua
gives way to steady sliding (a–c) or stick slip~d ande!. The
transitory behavior depends ont0 , the time between applica
tion of the loadFn at t50, and the start of the driving of th
spring, with stiffnesskl . This is, for example, apparent in th

FIG. 2. Sketch of the experimental apparatus, LFA~1! leaf-
spring unit, ~2! optical focus error heads,~3! piezoelement in
feedback-loop,~4! sample stage,~5! sample,~6! frame, and~7!
motor for sample movement.~For more detailed explanation se
Sec. III A.!
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different maximum valuesFt,max of Fl(t) in the time series
a, b, andc. The steady-state dynamic behavior is sensitive
the dynamic parameters; for certain parameters, usually
lower vs , lower kl , and higherFn , ‘‘stick-slip’’ appears.
The following balance of forces must exist in the slidin
direction:

mẍ~ t !5kl@vst2x~ t !#2F f~ t !⇒mẍ~ t !5Fl~ t !2F f~ t !,
~1!

wherem is the mass of the probe, andF f(t) the friction force
exerted by the substrate on the asperity. Wheneverẍ(t)
50⇒Fl(t)5F f(t).

One often encounters a strict qualitative distinction b
tween ‘‘static’’ and ‘‘kinetic’’ friction. A static friction force
F f ,static is defined as the highest value thatFl(t) reaches be-
fore sliding sets in.~Although, in in practice, it is more often
applied toFl ,max at which timeẋ equalsvs , and not zero, see
below.! ‘‘Kinetic friction,’’ F f ,kinetic is defined as the friction
force during sliding and often taken to be a simple functi
of the driving speedvs ; F f ,kinetic5F f ,kinetic(vs). However, it
is impossible to describe the behavior shown in Fig. 3 us
these assumptions in Eq.~1!. Furthermore because the mov
ment gradually evolves from a stick-slip-like character to
steady sliding character, it appears that there may be no n
to invoke qualitative differences between the sliding cont
in those cases. Qualitatively different sliding behavior do

FIG. 3. Sketch of typical measurements encountered in slid
friction experiments.~a!–~c!. Steady sliding with differing transi-
tory behavior.~d!–~e!. Stick-slip behavior with differing transitory
behavior. Note differing values ofFl ,max(f ): Stick-slip behavior.
Relevant times and time periods discussed in the text are indica
The terms ‘‘storage’’ and ‘‘dissipation’’ refer to energy of the driv
ing spring.
1-2
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not necessarily mean that different physical mechanisms
at work. In fact rather simple sets of coupled nonlinear or
nary differential equations may show behavior of the dep
dent variables that is very similar to that shown in Fig. 3.
the terminology of such systems stick slip would be an
stance of a ‘‘relaxation oscillation,’’ an oscillatory proce
with widely differing time scales within one period@14#.

It is useful to define exactly what is meant by stick slip.
fact stick-slip-like movements in sliding friction are mo
generally characterized by alternating periods of energy s
age and periods of energy dissipation in the driving spri
For all t

Ptot~ t !5Fl~ t !vs5Psto~ t !1Pdiss~ t !. ~2!

Here Pdiss(t) refers to all power that is not stored in th
driving spring and that is somehow converted, e.g., to hea
to an increase of the free energy of the substrate. The
lowing holds:

Psto~ t !5Fl~ t !@vs2 ẋtip~ t !# so Pdiss~ t !5Fl~ t !ẋtip~ t !.
~3!

The two extreme cases are steady slidingPsto50, and stick
Pdiss50. During steady slidingPdiss(t)5Fl(t)vs , and during
stick Psto(t)5Fl(t)vs . Of courseẋtip(t) must be continuous
for all t. If stick occurs, it follows that at some later timet
5tslip ,d2Fl /dt2,0. tslip is the actual time of transition from
stick to slip, see Fig. 3~f!. tslip also coincides with the time a
which dissipation starts,Pdiss.0, and some of the powe
transferred to the system by the driving apparatus is n
dissipated in the substrate. However, storage in the sp
continues until at somet5tdiss. dFl /dt50 or ẋ5vs . After
tdiss only dissipation occurs until at somet5tstore storage
starts again. Dissipation stops wheneverd2Fl /dt250 at
some t5tstick. Betweentstick and tslip only storage occurs
Measuringtslip is problematic for a number of reasons. Fir
of all, drift and noise limit the smallest value of velocity th
can reliably be measured. Uncertainties in driving speed
spring stiffness, as well as in substrate compliance, add c
plications in ruling out that the tip is in fact moving at a
extremely low speed with respect to the surface. This me
that in practice, it is hard to judge whethertstick and tslip
actually exist.

B. Rate-and-state formulations

A key realization has been that qualitatively very differe
sliding behavior, such as shown in Fig. 3, within a certa
sliding system, does notnecessarilymean that qualitatively
different physical mechanisms are at play. This realizatio
at the heart of the rate-and-state descriptions@6,7# that have
the following general form:

mẍ~ t !5kl@vst2x~ t !#2F f~ t ! with

F f5F f~ ẋ,q1 ,...,qn!, q i5q i~ ẋ,q1 ,...,qn! and

q̇ i5q̇ i~ ẋ,q1 ,...,qn!. ~4!

In general this is a system of coupled nonlinear ordin
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differential equations, quite capable of showing relaxat
oscillations for certain parameter combinations.

These descriptions contain one or more ‘‘state’’ para
etersq i with ‘‘evolution laws’’ q̇ i( ẋ,q l ,...,qn). The state
parametersand their evolution laws are usually largely phe
nomenological and chosen to reproduce or fit the experim
tal record of dynamic behavior. In this respect they can
rather adequate@11#. In some well-known formulations, rel
evant to the situation discussed here, only one state pa
eter q is used and the difference between the descripti
appear only in the assumed governing equations.

The state parametersq i and their evolution laws canno
be expected to relate to the same physical process in
systems mentioned in the Introduction. Providing rate-a
state formulations with a physical background is theref
interesting. It is also of practical importance because it
obviously related to eventual predictive capabilities.

In rate-and-state models of ‘‘dry’’ friction~Sec. II F! sys-
tems the single state parameterq is associated with the
‘‘real’’ contact surfaceA0 evolving in time. This view is
adopted here~Secs. II D and II F! and it is proposed, base
on experimental evidence~Sec. III B! that a useful relation
exists between thez position of the rigid asperity~Fig. 1! and
A0 for all t ~Secs. III, and IV A!. Measuringz therefore pro-
vides information on the evolution of the state parameterA0
or alternativelyz itself can be viewed as a state paramete

C. Forms for F f or friction ‘‘laws’’

Experimental results on friction have long been discus
in terms of the purely phenomenological Amonton
Coulomb ‘‘law.’’

F f5mFn , ~5!

with m the ‘‘friction coefficient.’’ A more basic relation is
expected to read

F f5tArz , ~6!

with t some stress or modulus related to the slip process,
Arz the contact surface projected along the surface norm
Equation~5! is often expanded to account for an adhes
force Fadh5padhArz , with padh the adhesive pressure

F f5m~Fadh1Fn!. ~7!

Equation~6! is often expanded assuming a linear depende
of t on pressure:t5t01apm with pm5Fn /Arz :

F f5~t01apm!Arz . ~8!

Note that Eqs.~7! and ~8! are both of the form

F f5C1Arz1C2Fn , ~9!

with c1 andc2 some constants. The work of Greenwood a
Williamson explained thatFn and Arz are proportional for
certain multiasperity interfaces, in which case Eq.~5! and
Eq. ~6! are equivalent@16#. This does not explain whyF f
should be proportional to eitherArz or Fn . The fact that for
1-3
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multiasperity interfacesArz is proportional toFn, makes
them rather unsuitable probes to answer the question whe
Eqs.~5! or ~6! is actually at work. This indicates one reas
to perform experiments withsingleasperities.

D. Single asperity contacts

A single asperity contact is usually~implicitly ! defined as
a contact for whichA05Arz . In a continuum picture, non
adhering elastic isotropic single asperity contacts are ca
Hertz contacts. Sneddon has listed many useful results
such contacts@17#. For a paraboloid asperity (bxn5z with
n52 andb51/2R) in contact with a flat surface one finds

Arz5pS 3FnR

4E* D 2/3

and z5pR1/3S 3Fn

4E* D 2/3

~10!

with E* 5@(12v1
2)/E11(12v2

2)/E2#21 the reduced modu
lus, Ei the Young’s moduli, andv i the Poisson’s ratios.z is
the penetration depth of the asperity in the surface. In
caseArz scales withFn

2/3. For strongly adhering surface
compliant materials, and large asperity radii, the contact s
ation is described by the Johnson-Kendall-Roberts~JKR!
theory @18#. The contact for stiff materials, weak adhesio
and small asperity radius is described by the Derjagu
Müller-Toporov~DMT! regime@19# and in it’s limits by the
Bradley regime. Situations in between have been treated
Maugis @20#. Simple fits that connect all regimes have be
put forward recently@21#. All these theories allow calcula
tion of Arz as a function ofFn in the elastic regime. In an
elastic contact the values of two nondimensional parame

m5S Rw2

E* r 0
3D 1/3

and pm5
Fn

pwR
~11!

~with in the work of adhesion andr 0 the range of the inter-
action potential! are useful to assess which contact regime
prevalent @22#. An important realization contained in Eq
~11! is that already for elastic contacts, apart from mod
and interaction potentials, the geometryR, and normal force
Fn are important in determining the contact situation
loaded single asperities.

Of course for high enoughpmax the contact is no longe
elastic and all descriptions mentioned must fail. Their ap
cation to viscoelastic contact situations is an active field
research@23#. For deformation of a rigid perfectly plastic fla
substrate beneath a rigid asperity of radiusR, one finds

Arz'2pRz}Fn /s0 , z}Fn/2pRs0 , Arx'
4A2R

3
z3/2

~12!

with s0 a yield stress@24#. So in this caseArz is proportional
to the loadFn already for single asperities. Another usef
relation is that for the value ofFn and the depthz0 at which
the yield stress is reached. One finds:

z05
1

2

p2s0
2R

4E* 2 . ~13!
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E. Single asperity sliding contacts

It has already been noted in Sec. II D that there is no s
thing as the single asperity contact. The interpretation a
even applicability oft, in Eq. ~6!, depends on the contac
situation. FFM and SFA do certainly not cover all releva
contact situations or even a continuous region in the exp
mental parameter space. In fact the LFA has been desig
to study contact situations in a gap between the work
ranges of FFM and SFA. It has been suggested that on m
practical surfaces in sliding contact the asperities have r
in the order of a few microns, and that they carry loads of
order of mN. Contacts such as those lie within the worki
range of the LFA@Fig. 4~b!#. So the contact situation for a
single asperity under normal load, depends on a range
parameters, and it may be expected that the situation in s
ing friction shows similar complexities. These are not at
apparent in the friction ‘‘laws’’ that were introduced befor

FIG. 4. Comparison of the working range of single asper
sliding friction apparatuses: LFA, FFM, and SFA.~a! Geometry of
the contacts. Asperity radiusR vs film thicknessd. Areas of work-
ing range where physical size effects can occur have been indic
For extremely thin viscous films the viscosity may increase ab
bulk values. For very small loaded contacts on metals the y
stress may increase above bulk values. Lines of constant R/d
been indicated.~b! Loading of the contacts. Lines of constant pre
sure and contact area two orders of magnitude apart are show
Hertzian contacts. Numerical values are examples chosen to re
sent orders of magnitude found in the literature.
1-4
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And in fact, Eq.~6! has been used for contact situations
which the physical meaning oft mustdiffer.

Essentially elastic ‘‘dry’’ friction, without any damage t
the surfaces involved and without any intermediate mediu
is known as ‘‘interfacial friction’’@25#. In interfacial friction,
t is thought of as a characteristic stresstc , or modulus,
required to initiateslip along the interface

F f5tcArz . ~14!

In the interpretation oftc , analogies exist with the Peierl
stress necessary for glide of dislocations or with crack pro
gation in solids. A number of detailed studies in interfac
friction have found thatArz does indeed depend onFn in a
way predicted by contact mechanics, and that the dep
dence ofF f onFn can entirely be attributed to that effect, b
in other cases results seem to point to a form like Eq.~6!
where in that caset5tc .

In SFA experiments the geometry is essentially that
Couette flow: a film of thicknessd is sheared between tw
identical interfaces@Fig. 4~a!#. In such geometries, for larg
enoughd and assuming a no-slip condition at the interfac
the behavior is expected to be governed by bulk mate
properties. This is essentially what rheometers are expe
to show. One would expect slip to be constrained to
interfaces iftc, interface!tc,bulk , and to the bulk iftc, interface
@tc,bulk . In the first caseteff'tc,interface in the last caseteff
'tc,bulk . The physical meaning ofteff differs from that oftc
in interfacial friction because the exact plane where slip
curs is no longer specified and the value applies to a volu
For Newtonian fluids the shear stress depends linearly on
shear rate soteff5htc,bulk( ẋ/d) with h a constant and
teff,x/d5050. If the intermediate material exhibits a yie
stress at macroscopic scale a form like Eq.~6! might be
expected. Also for very thin confined Newtonian films it a
pears that in facttc,bulk( ẋ/d) ẋ/d50.0. Such a confined liquid
will sustain elastic deformation, until at a certain point s
occurs, much as in a solid. In this particular caseteff is not
expecteda priori to be related to possible characteris
moduli of the bulk or the interfaces.

Bulk behavior can also be encountered in a single aspe
contact that is deforming plastically. For metals it has be
argued that, using Eq.~6! and Eq.~12!

F f5tArz'tFn/3s0 or m't/3s0 . ~15!

For many metalstbulk's0/2 so if one takest to be a tresh-
old for bulk shear yield it follows thatm'0.16. Again the
physical picture fort is that of a certain volume of materia
with surfaceArz that is sheared for whichteff'tbulk .

In arriving at Eq.~15!, the three-dimensional character
the contact is taken into account to calculateArz . However
the slip, or dissipating process, is still supposed to be p
shear and the possible importance of the projected areaArx is
neglected. It is clear thatArx must become important durin
sliding for increasingFn and depthz. Even without adhesion
between the asperity and the substrate,repulsionwill cause
substrate material to move sideways and to some ex
downwards during sliding. This is called ‘‘ploughing.’’ Fo
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large enoughz this material must deform in a way approac
ing that of the bulk substrate material. This will lead to
friction force and to dissipation. Ploughing is usually asso
ated with plastic deformation but all deformation modes t
limit the rate of deformation during sliding may be include

Of course adhesion at the interface may change the de
mation of the substrate during ploughing. The simplest p
sible way to incorporate both effects is to consider the rep
sive ~pure bulk! and adhesive contributions~interface and
bulk via interface! to be completely independent. A modifi
cation of Eq.~6! to that effect was proposed by Bowden a
Tabor @26#:

F f5teffArz1sbulkArx . ~16!

In the following, Eq.~16! is taken as the friction ‘‘law’’ for
the interpretation of our results, because the deformation
ing sliding usually involved bulk deformation in the sen
indicated above, see Sec. III.

Now steady slidingis defined as the situation in whic
ẋ(t)5vs∧ ẍ(t)5 z̈(t)5 ż(t)50. So during steady sliding
there is equilibrium alongẑ, and sz(t)Arz(t)5Fn , with
sz(t) the average stress exerted by the surface on the as
ity, andArz(t) the projection ofAr(t) along ẑ. Anticipating
Sec. III and Sec. IV, the following system of equations
proposed instead of Eq.~1!:

mẍ~ t !5kl@vst2x~ t !#2F f~ t !,
~17!

mz̈~ t !5sz~ t !Arz~ t !2Fn .

Equation~17! also includes situations for whichẍ(t)5 ẋ(t)
50, in which case no sliding occurs.

III. EXPERIMENTAL SET UP AND RESULTS

A. Method

The LFA ~Fig. 2! has been described in some detail els
where@3#. Here we will only mention the characteristics th
are relevant for the experiments. The LFA probes and m
sures Fn and Fl independently. It uses two double lea
springs combined in a single leaf-spring unit as force pro
and two focus-error detection heads to measure the deflec
of the leaf springs. Normal spring constants are in the ra
20–4000 N/m, lateral spring constants 7–1000 N/m. The
tical heads combine a 10-nm sensitivity with a useful ran
of about 100mm. The proven range ofFn is 400 nN–150
mN. During slidingFn is kept constant by a feedbackloo
using a piezotranslator that moves the leaf-spring unit al
z. The range of driving speeds is, at this time, rather limit
from 1 to 40mm/s. The leaf-spring units transduce frictio
and normal forces independently. Absolute values of norm
and friction forces are calibrated and estimated to have t
cal errors less than 10%. The calibration is partlyin situ, for
the sensitivity of the optical heads, and partlyex situ, for the
normal and lateral spring constants of the leaf-spring un
There is minimal coupling between the deflection measu
ments in lateral and normal direction. This coupling is a
calibratedin situ. The response of the leaf-spring unit ca
effectively be approximated by a linear relation
1-5
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S Dz
DxD5S cn cnl

cln cl
D S Fn

Fl
D . ~18!

During the calibration ofcnl ,Fn50 so Dx5clFl and Dz
5cnlFl5cnlDx/cl . For some unitscnl /cl is as small as
0.003, a typical value is 0.01. This means that displacem
of the tip normal to the surface can be measured wit
reasonable error, if the absolute values are of the o
0.01Dx or larger. Consequently it can be concluded that
LFA is well suited for quantitative study of friction dynam
ics. The design of the leaf-spring unit allows for exchange
tips, that may be fabricated~e.g., etched! from wire material
(d'0.4 mm). The tips~or rather the asperities! used here are
electrochemically etched tungsten wires. With a hig
resolution~effectively about 5 nm! scanning electron micros
copy ~SEM! ~XL30 FEG-ESEM! no protrusions were ob
served on the surface of these tips. Since the coatings
are soft and the penetration depths always greatly exce
nm, we argue that the tips can be regarded as single as
ties. The radiusR of the tips is estimated from the SEM
micrographs.

Coatings used consist of hexakis~methoxymeth-
yl!melamine ~HMMM ! crosslinked polyesters, deposite
with thickness of about 20mm on Al substrates. Coating
with 10, 20, 30, and 40 wt % HMMM were investigated,
an attempt to qualitatively study the influence of mater
properties~changed via the crosslink density! on the sliding
behavior@27#. A disadvantage of using thin film material
that there are no standard ways of measuring their rate
pendent mechanical properties. Attempts to measure the
chanical properties were carried out with a nanoindenta
apparatus, using standard interpretation schemes@28#. The
results are treated as order of magnitude estimates only,
sidering the fact that no attempts were made to study
effect of deformation rate. In this sense the interpretation
the results has to remain qualitative.

All experiments were carried out under ambient con
tions. Apart from the coating material, the following expe
mental conditions were varied in a systematic wa
R,vs ,Fn ,kl . The influence oft0 was not studied systemat
cally. Some of the experiments were performed at su
ciently high sampling rate~10 kHz! to study the behavior
during ‘‘slip’’ in detail.

B. Results and discussion

During the experiments interesting dynamic behavior w
encountered. It shares a number of qualitative characteri
with multiasperity ‘‘stick-slip’’ systems that have been stu
ied in terms of rate-and-state models. We find transitio
from steady sliding to stick-slip for decreasingvs and de-
creasingkl , and increasingFn but also transitions from
steady sliding to stick-slip for decreasing tip radiusR. All of
these trends can be deduced from Fig. 5.

1. Transitions in sliding behavior

In Fig. 5 ‘‘maps’’ of dynamic behavior in dynamical pa
rameter space, (vs ,Fn) in this case, show transitions from
steady sliding to stick slip. Open circles indicate points
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(vs ,Fn) space for which steady sliding was stable, clos
circles indicate points where stick slip occurred. All thr
maps show a transition from steady sliding to stick slip
decreasingvs and increasing Fn . A transition to stick slip
for decreasingvs is quite generally encountered in expe
ments described in literature~for reviews see, e.g., Refs
@7,11#!. It is associated with ‘‘velocity weakening,’’ i.e., a
decrease ofF f for increasingvs . This was also observed
here~not shown!. The transition for increasingFn has been
observed in inertially loaded (Fn5mg) sliding multiasperity
interfaces, for example, those described in Refs.@11#, @12#.

Comparison of the two maps in Figs. 5~b! and 5~c! with
the map in Fig. 5~a! shows a shift of the transition to highe
Fn for higherkl . Again, this is a trend that has been foun
more generally. Comparison of the Figs. 5~b! and 5~c! shows
the shift of the transition toFn for increasing tip radius,R.
Finally we find a transition to stick slip for a smaller amou
of crosslinks@Fig. 5~d!#.

2. Normal displacements

During steady sliding the asperity moves at some equi
rium depthz and ‘‘ploughs’’ through the surface. This dept
was seen to increase with increasingFn and decreasingvs .
At a certain combination ofFn and vs steady sliding be-
comes unstable, and ‘‘stick-slip’’ motion occurs. From Fig
it is clear that that mode of movement involves normal d
placements of the asperity. The measurements shown c
spond to the large closed circle at (vs ,Fn)
5(28m m/s,7.2 mN) in Fig. 5~a!, so kl5137 N/m andR
54 mm. Monitoring the voltage applied to the piezo by th
feedback loop in order to keepFn constant, the movement o
the tip normal to the surface can be observed during slid
~To this end the piezo response was calibrated@3#.! Further-
more, fast sampling~in this case 10 kHz! enables measure
ments during slip.

The absolute value of the penetration depth~up to a mi-
cron! is usually at least an order of magnitude larger than a
roughness present on the surface of the tips. We argue th
fore that the tips can be regarded as single asperities in t
experiments. A considerable volume of material is being
formed during sliding and this deformation is assumed to
responsible for the largest part of the occurring dissipatio

Comparing Figs. 6~a! and 6~b! it is clear that during peri-
ods of increasingFl , the asperity is deeper in the surface.
fact, during the increase ofFl , z increases and the asperi
decelerates inx andz first and subsequentlyz decreases and
the asperity accelerates inx andz. It is also clear that during
slip, whereFl decreases rapidly, the asperity is at a relativ
low depthz. A linear timescale such as used in Figs. 6~a! and
6~b! is quite inappropriate to present measurements at
widely different timescales apparent during this measu
ment, and a further clarifying graph is shown in Fig. 6~c!. In
that figure Fl has been plotted vs depthz. It can be ob-
servedthat the data for this regular stick-slip movement
nicely onto a single limit cycle. The movement of the asp
ity during slip can now be clearly observed.
1-6
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SLIDING FRICTION DYNAMICS OF HARD SINGLE . . . PHYSICAL REVIEW E 63 066121
3. Steady sliding

The key to a physical understanding of dynamic fricti
behavior is to point out the mechanisms that tend to stab
or destabilize steady sliding. The observation that unste
movement is associated with normal movements evide
deserves consideration in this respect.

The experiments show that steady sliding is possible fo
range of values ofvs , Fn , kl , and R leading to specific
values ofF f andz. During steady sliding, unlike in a stati
contact, material is constantly entering and leaving the c
tact. Some of this material is pushed aside and some of
pushed down. The material resists this deformation w
forces that exactly balance the forces exerted on it by
driving spring via the contact surface with the asperity.

The value ofz will to a great extent determineArz and
Arx , which in view of Eq.~16! shows the importance of th
z position forF f . Of courseArz , and thereforez, is impor-
tant for the equilibrium alongẑ as well, as was anticipated i
Eq. ~17!. During steady sliding there is equilibrium alongẑ,
so Fn5szArz with sz the average normal stress exerted
the asperity by the material as it is deformed alongẑ. Re-
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membering the reasonable assumption that some of the
terial is pusheddown, and passes underneath the asperity
follows that movement alongx̂ of the asperity and deforma
tion alongẑ of the substrate are coupled.

Steady sliding at increasing asperity speed or depth
necessitate deformation at higher rates. Generally spea
materials, e.g., pseudoplastic or viscoelastic materials, re
higher deformation rates with higher pressures, which me
that higher speedsẋ lead to increased upward pressuresz
exerted by the material on the asperity. At constantFn a new
equilibrium can therefore only be reached ifArz decreases,
which means that the rigid asperity must move up. In ot
words szArz contains acoupling term sxzArz that depends
via sxz on vs , or more generally onẋ of the asperity. For the
resulting restoring normal force exterted by the substrate
the tip one can writeArzsz5Arz(sxz1szz).

Clearly, this coupling termsxzArz may be destabilizing
and can potentially lead to ‘‘velocity weakening,’’ that
]F f /]vs,0. Higher deformation rates lead tohigherstresses
but also tosmallerprojected surfacesArz andArx . Whether
](teffArz1sbulkArx)/]vs in which products of these terms ap
g

t
r
e
g
e
e.

.
f

FIG. 5. ‘‘Maps’’ of dynamical
$vs ,Fn% phase space showin
transitions in dynamic friction be-
havior. Closed circles represen
points where stick-slip behavio
occurred, open circles indicat
steady sliding. Lines separatin
areas with these behaviors hav
been drawn as guides to the ey
Arrows indicate transitions from
steady sliding to stick slip~a!–~c!.
Influence of asperity radiusR and
driving spring stiffnesskl on the
transition. ~d! Influence of
crosslink density on the transition
Time-resolved measurements o
the stick-slip trace indicated with
a large symbol in Fig. 5~a! are
presented in Fig. 6.
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FIG. 6. Time-resolved~10 kHz! LFA measurement of stick slip, withFn57.2 mN, vs528mm/s, kl5137 N/m, R54 mm, cnl /cl

50.004, andcn /cn50.0025. This measurement is indicated with a large symbol in Fig. 5~a!. ~a! Deflection of driving spring vs time.~b!
Extension of piezo element vs time.~c! z movement of asperity vs deflection of driving spring. During slip the feedback loop is not cap
of reacting fast enough, which caused an increase ofFn with about 6%. As the piezo extension does not fully determine thez movement of
the asperity in this case, the readingzpiezo is corrected by adding the simultaneously measured change in deflectionz of the normal force leaf
springs@3#.
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pear, is positive or negative, as a result of this is nota priori
clear ‘‘velocity weakening’’ as well as ‘‘velocity strengthen
ing’’ are possible as a result of an interplay between geo
etry and material behavior.

This particular coupling during sliding is usually not e
plicitly studied in experiment or considered in theoretic
treatments. Tolstoi, in an early paper, was the first to poin
out, based on experimental evidence@29#. He suggested tha
the influence ofz displacements onArx may be crucial. More
recently experimental evidence forx-z coupling has been
found in sliding on granular substrates@8–10#, boundary lu-
brication @15#, and also in systems very similar to the o
studied in this paper@30#.

4. Stick slip

Let’s assume that during steady slidingFn increases. A
new dynamic equilibrium may be reached at higherF f andz,
but for large enoughFn , such an equilibrium apparentl
does not exist. Without trying to explain why there is no ne
equilibrium it is still possible to understand which pheno
ena drive the motion of the asperity in this regime.

Whenever the asperity moves down, the upward fo
Arz(sxz1szz) exerted on it by the material is too small
balanceFn . Two effects limit the normal travel: the increas
in Arz and the increase inFl caused by the driving spring
The latter will tend to increase the forward speed of
asperity, which in turn will lead to an increase insxz . At a
certain pointFn will be balanced and the continuous increa
in Fl and sxz causes the asperity to start moving upwa
Now, Arx and Arz are decreasing, which means thatẋ may
increase even more, and lead to even highersxz and so on.
Two effects will eventually limit this runaway behavior: th
increase in normal pressureFn /Arz , and the decrease inFl
after the asperity has reached speeds higher thanvs .

So, starting from the requirements of the dynamic eq
librium during steady sliding and noticing the central role
the normal displacements, one arrives at a picture that
volves a simple combination of asperity geometry and ma
rial behavior and gives a physically reasonable mechan
for the observed stick-slip behavior. Next, a description
this mechanism in a simple dynamical system is propose
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IV. REPRESENTATION OF THE EXPERIMENTS IN A
DYNAMICAL SYSTEM

A. Dynamical system

The aim is to find a dynamical system that qualitative
describes the movement of the asperity in contact with
surface and reproduces the experimental record present
Sec. III B. The analogies between Eq.~5! and rate-and-state
formulations have already been briefly discussed, in Sec
and IV. As was discussed in Sec. II, Eq.~16! is assumed to
be a reasonable first-order approximation forF f . Together
with Eq. ~17! and the considerations in the previous pa
graph, regarding the coupling of normal and forward motio
one arrives at

mẍ~ t !52kl@x~ t !2vst#teff~ t !Arz~z!2sx~ t !Arx~z!,

mz̈~ t !52@szz~ t !1sxz~ t !#Arz~z!1Fn . ~19!

A description of the material behavior using constituti
equations that represent a collective evolution of all mic
scopic degrees of freedom in the contact is justified. T
material in the contact resists deformation in a way tha
typical for some volume rather than for an interface. So
teff and sx a form is sought that relates them to averag
values of strain and strain rates in the substrate materia
the contact.

Clearly the deformation of the contact may involve hig
strains and strain rates, and mixed stress states. The ma
response under these circumstances may be rather co
cated. A range of nonlinear effects may be expected. At
stage we choose to simplify as much as possible and
close to the rate-and-state formulations. From those we i
that a formulation in which the stresses are functions
strain rates only may already be rather successful. Introd
ing «̇x and «̇z for deformation rates associated with forwa
and normal movement, respectively, we write

mẍ~ t !52kl@x~ t !2vst#-t~ «̇x!Arz~z!2sx~ «̇x!Arx~z!,

mz̈~ t !52@szz~ «̇z!1sxz~ «̇x!#Arz~z!1Fn , ~20!
1-8
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TABLE I. Values used in the numerical calculations. Only values thatdiffer from the ones in this table are
mentioned in the figure captions. Calibrated values forR, Fn , vs , andkl have been used. Values fors0 and
E* were derived from nanoindentation experiments@25#, and have been treated as order of magnitu
estimates.L, h, andc are free model parameters for which no experimental estimates are available.

c L ~m! h ~Pa s! s0 ~Pa! m ~kg! E* ~Pa! kl ~N m! R ~m!

1 131026 203106 703106 131024 43109 137 431026
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As an approximation of the deformation rates«̇x and «̇z
again the simplest possibility is chosen:

«̇x5
ẋ

L
, «̇z5

ż

L
, ~21!

whereL represents some average of the width and dept
the track during an experiment. In rate-and-state mode
similar characteristic length, called ‘‘memory length’’ ther
is usually present.

We note that, because of the widely different time sca
present in the experiments, such a formulation may be
pected to fail during ‘‘slip.’’ A reasonable definition for
Deborah number is De5t ẋ(t)/L(t), wheret is a time scale
typical for the material, andẋ(t) is the speed at timet. L(t)
is a typical length scale at timet, for example the averag
depth of the contact.ẋ(t)/L(t) will be small during slow
motion of the order of 0.01t, large during swift motion, as
much as 10000t. In the calculations performedt was typi-
cally of the order 0.1–1 s. This means that De changed f
0.001 to 1000. Assuming the material is viscoelastic it
probably safe to say that during the slow motion any ela
effects and details of the flow can be disregarded. Howe
this is clearly not the case during slip. We assume that
estimate of the elastic modulusE* derived from the nanoin-
dentation experiments~for «̇'0) is a reasonable order o
magnitude estimate at much higher rates. This instantan
modulusE* means effectively that there is a minimum dep
associated with sliding. As an estimate of this depth we t
the depthz0 at which the ‘‘yield stress’’s0 would be
reached in an indentation experiment@Eq. ~14!#. Another
reason for the occurrence of a minimum contact area,
might be represented by a minimum depth, can be poin
out. Adhesion between asperity and surface will lead t
finite contact surface forz50 on retraction. Potentially, the
fact that material piling up in front of the asperity may le
to a minimum sliding depth, it will definitely tend to reduc
the upward force.

For the estimation ofArz(z,t) andArx(z,t) it is assumed
that the material in front of and on the side of the tip does
move upwards. The effect of adhesion on the contact are
neglected. For a reasonable estimate of the work of adhe
of w550 mJ m2 a radius of 10mm andFn of 1 mN, the ratio
between the adhesive force and the normal force is ab
0.001, which makes this a reasonable assumption. The t
assumed to be effectively rigid. Considering the estima
values of yield stress and reduced modulus of the lay
compared to those of tungsten that is also reasonable. T
assumptions enable a straightforward calculation of fi
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order estimates ofArn(z,t) and Arx(z,t). For a paraboloid
bxn5z with n52 andb51/2R

Arz~z!52pRz, Arx~z!5
4A2R

3
z3/2. ~22!

Finally an approximate functional representation of the m
terial behavior has to be chosen. First we assume a mat
behavior approaching that of a Bingham viscoplastic m
dium:

s~«̇ !5s01h«̇, thus sx~ «̇x!5s01h«̇x and

sz~ «̇z ,«̇x!5s01h~«̇z1 «̇x!. ~23!

This form is used in the linear stability analysis. In the n
merical calculations of actual dynamic behavior Sec. IV B
sx( «̇x) is represented by

sx~ «̇x!52/ps0 arctan@csh«̇x#1h«̇x . ~24!

In practice we usecs>105, which means that the stress is
the order of the yield stress forcsh( ẋ/L)*p/2, that means
for ẋ*Lp/2hcs or ẋ*1025 m m/s. On the time scale of the
experiment, this behavior is indistinguishable from Bingha
behavior. This formulation avoids potential numerical pro
lems whenẋ50, wheres( «̇) should be equal to zero, an
not to s0 . Alternative formulations for the low strain rat
behavior could lead to qualitative differences in the behav
at very low driving speeds, see Sec. V. The positivex direc-
tion is taken along the sliding direction; the positivez direc-
tion points into the material~see Fig. 1!.

Introducing x2vst5x1 ; ẋ2vs5x2; z5x3; ż5x4; z0
5x3,0, one finds the following dynamical system:

FIG. 7. Calculated friction forceF f(vs) during steady sliding
using Eq.~28! for several values ofFn ~indicated!. Note velocity
weakening at lowvs and transition to velocity strengthening.
1-9
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ẋ15x2 ,

mẋ252klx12
4

3
A2RS s01

h

L
~x21vs! D x3

3/222pRteffx3 ,

~25!

ẋ35x4 ,

mẋ4522pRS s01
h

L
x4D x322pRS h

L
~x21vs! D x3

12pRS h

L
~x21vs! D x3,01Fn .

This set of equations may be adapted to the type of load
inertial, simple loading spring, or such as here with a spr
in a feedback loop. In this particular case the inertial fo
mẋ4 is covered by the piezo, so, taking this term zero, E
~25! reduces to

ẋ15x2 ,

mẋ252klx12
4A2R

3 S s01
h

L
~x21vs! D x3

3/2

22pRteffx3 , ~26!

ẋ352~x21vs!S 12
x3,0

x3
D1

L

h S Fn

2pRx3
2s0D .

B. Numerical results

Calculations were carried out to learn to what extent
description in Eq.~26! is able to reproduce the experiment
record. Of importance are steady sliding behavior and
stability, their dependence on the dynamic parameters,
the shape of the limit cycle. Unless explicitly indicated, t
values in Table I were used in the calculations presented

1. Critical point or steady sliding

Steady sliding occurs in the critical pointẋ15 ẋ25 ẋ350
in Eq. ~26!. @Steady sliding behavior is identical in Eqs.~25!
and ~26!#. One finds

x3
c5

1

s01hns /L S Fn

2pR
1x3,0

hns

L D
and

F f~ns!52klx1
c

5
4

3
A2R

~Fn/2pR1x3,0hns /L !3/2

As01hns /L

1teffS Fn

s01hns /L
1

2pRx3,0hns

L~s01hns /L ! D . ~27!
06612
g:
g
e
.

e

ts
nd

We see thatF f(ns) depends onR, hns /L, Fn , c, s0 , E* ,
and thus, in principle at least, it could describe the exp
mentally observed trends. Interestingly, takingteff(«̇x)
5cs(«̇x),

F f~ns!52klx1
c

5
4

3
A2R

~Fn/2pR1x3,0hns /L !3/2

As01hns /L

1cS Fn1
2pRx3,0hns

L D . ~28!

Theshearterm in Eq.~27! gives rise to aCoulombtermcFn

in Eq. ~27!. Figure 7 shows calculations ofF f(ns) using Eq.
~28!. For high speedsF f behaves as (4/3A2R1c2pR)x3,0

(hns /L). So we find ‘‘velocity strengthening’’ that depend
on R, h/L, s0 , and E* . Depending on the values of th
dynamic parameters a ‘‘velocity weakening’’ regime wi
]F f /]ns,0 is possible for low speeds. From the partial d
rivative

]F f

]ns
5

2cpRhx3,0

L
1

2A2Rhx3,0

L S Fn/2pR1hnsx3,0/L

hns /L1s0
D 1/2

2
2A2Rh

3L S Fn/2pR1hnsx3,0/L

hns /L1s0
D 3/2

~29!

it is also clear this velocity weakening regime is possib
because of the negative right-hand third term that can o
weigh the other two. For values ofns for which ]F f /]ns
.0, only steady sliding is stable, regardless of the value
kl .

2. Linear stability of steady sliding

It is not a priori clear that steady sliding in the velocit
weakening regime is unstable for a given spring stiffnesskl .
Linear stability analysis of the critical point associated w
steady sliding can resolve that matter. We have used
expression in Eq.~23! for sx( «̇x) in the linear stability analy-
sis. The Jacobi matrix of Eq.~26! in the critical point is then
1-10
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@J#5S 0 1 0

2kl

m S 2
2chpRx3

c

Lm
2

4A2Rhx3
c3/2

3Lm
D S 22cpR~hns /L1s0!22A2RAx3

c~hns /L1s0!

m
D

0
x3,0

x3
c 21 2

LFm

2pRhx3
c2

2
nsx3,0

x3
c2

D , ~30!

FIG. 8. Calculated maps of be
havior in dynamical phase space
Parameters mentioned in Table
were used as basis. The curve ca
culated with these values return
in all four figures. Values indi-
cated near a curve were the on
ones changed with respect t
Table I for that specific curve. Ar-
rows point toward parts of phas
space where steady sliding is un
stable. Black arrows indicate be
havior encountered in the exper
ments, gray arrows indicate
behavior not encountered in th
experiments~a! Influence ofR. ~b!
Influence of kl . Gray area: area
for which ]F f /]vs.0. In this
area steady sliding is stable re
gardless of the value ofkl . ~c! In-
fluence of yield stresss0 . ~d! In-
fluence of viscosityh.
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wherex3
c and x3,0 are given by Eqs.~27! and ~13!, respec-

tively. The linear stability in the critical point can be inve
tigated by calculating the eigenvaluesl i of @J#, solving for
the zeros of the characteristic polynomial:l i

31Al i
21Bl i

1C50. A, B, and C are functions of all control variable
that influence the transition in the experiments,R, Fn , ns ,
and kl . Furthermore they depend onE* ,m,s0 ,h, that are
accessible to experiment. This means a critical compar
of this model with the experiments is possible.

Analytic linear stability analysis leads to decidedly aw
ward terms, and the system is more easily studied by solv
for the eigenvalues of@J# in Eq. ~31! numerically. We have
substituted the numerical values from Table I for all but o
of L, h, R, m, s0 , andkl , and studied the behavior in th
$Fn ,ns% plane as a function of the value of the remaini
parameter. Results, comparable to the experiment show
Figs. 5~a!–5~d!, are presented in Figs. 8~a!–8~d!. Lines sepa-
rate areas where Re@li#,0 for all l i from those where
Re@li#.0 for at least onel i . The arrows across lines in th
06612
n
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e
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figure point to areas where Re@li#.0 for all l i , and steady
sliding is not a stable solution. The precise character of
unstable motion in the other areas cannot be investigate
this way and requires separate calculations, see Sec. IV

Concentrating first on that part of the Fig. 8~a! for which
ns.10mm/s, three of the characteristics mentioned in S
III B, transition from stable to unstable behavior for increa
ing Fn , decreasingns , and decreasingR, are reproduced
Also the decrease in slope of the line separating stable
unstable areas for increasingR is in accordance with the
experiments.

For low ns a deviation from this behavior is evident, in
dicated by the gray arrows, where steady sliding become
stable solution ondecreasingns . Such behavior was no
apparent in our experiment, and will be discussed further

Figure 8~b! shows the effect of changingkl . It can be
seen that increasingkl stabilizes steady sliding for allns and
Fn , a fact that is also evident from the experiments. The l
for kl5137 N/m is the same as in Fig. 8~a!. A transition from
1-11
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FIG. 9. Calculated $xl ,z%
phase portraits of stick-slip move
ments, using the dynamical sys
tem in Eq.~26!, showing the influ-
ence of~a! kl , ~b! R, ~c! vs and
~d! Fn .
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stable to unstable behavior for increasingFn anddecreasing
ns is again found for highns . However it is interesting to se
that the line forkl58 N/m does not show this transition t
steady sliding for decreasingns at low ns . Apparently this
low-velocity behavior depends sensitively onkl being more
apparent at highkl . The line for 8 N/m almost coincide
with the solution of]F f /]ns50 for these dynamic param
eters. This means that this value of the spring constant d
hardly stabilize the system against stick slip. Lower values
kl will not lead to significant further destabilization.

Figures 8~c! and 8~b! show the effect of varying the phe
nomenological material parametersh ands0 . For constanth
and increasings0 the unstable region moves to higherFn
and lowerns Fig. 8~c!. For lows0 a region is again apparen
where unstable motion stabilizes for decreasingns . Interest-
ingly there is also a region where steady sliding becom
stable fordecreasings0 .

Keepings0 constant and increasingh one finds that the
region of unsteady sliding moves to higherFn and lowerns .
Fig. 8~d!. Again a region is apparent where unstable mot
stabilizes for decreasingns , and similar as in the case ofs0 ,
there is also a region where steady sliding becomes stabl
decreasingh. Only limited comparison with the experimen
is possible at this stage. Assuming that an increase in cr
link density leads to an increase in bothh ands0 , calcula-
tions and experiments can be qualitatively reconciled.

All trends in the measurements are captured qualitativ
by the calculations. However, as discussed above, the ca
lations show certain qualitative characteristics that have
been found in experiment. More extensive excursions in
rameter space, especially toward lower speed, are need
order to assess whether the trends predicted by the des
tion do actually occur.
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3. Dynamic behavior and limit cycles

The question remains whether any nonsteady movem
resulting from solving Eq.~26! resembles the actual stick
slip movement found in the experiments@Fig. ~6!#, and
whether transitory effects~sketched in Fig. 3! are captured.
To investigate this, Eq.~26! has been solved@31# for several
sets of dynamical parameters. The results are shown in F
9~a!–9~d!. Figure 9~a! shows phase portraits and limit cycle
in $z,x1% space. These can be compared to Fig.~6!. As a
basis in the figures the behavior forFn57200mN and ns
528mm/s has been taken, which is a stick-slip type mov
ment. Figure 10 shows a number of graphs ofFl vs t.

A general characteristic of the limit cycles that is al
apparent in the experimental results is the asymmetry du
slow movement, or stick, in which there is always more fo
ward motion during the downward movement than duri
the upward movement.

The other general trend that is recognizable, that for
namic parameters closer to the stable subset the friction f
and the stick-slip amplitude decrease, which was also fo
in experiment~not shown!.

V. DISCUSSION AND CONCLUSIONS

The experimental record is qualitatively reproduced
the simple model presented, showing the influence of a n
ber of dynamic parameters,R, Fn , ns , andkl , and material
properties represented byh and s0 . This is interesting and
slightly surprising considering the simplicity of the model
the treatment of stress states and material behavior. This
stitutes a relevant point of discussion.

In this respect we would like to point out again the sim
larity between the description in Eq.~26! and the rate-and-
1-12
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FIG. 10. CalculationsFl vs t using the dynamical system in Eq.~26!, for various combinations ofvs ~a! 40 mm/s, ~b! 20 mm/s. ~c! 10
mm/s!, andFl indicated to the right of~d! Other numerical values in accordance with Table I. The stick-slip traces show the charact
form evident in the experiment~e.g., Fig. 6!. Transitions from steady sliding to stick-slip behavior can be observed, and are in agre
with the linear stability calculations shown in Fig. 8.
ic
ed
a

r
ys

if

es
he
lu

th
s

lly

s

,
re
ib

v-
re
on
ex
se

re
Th
n

d
th
a

th
,

ly
t
h

ta

sion
b-
the

ed
ific
er

the
ut
her
ns

of
ted

and
ua-

r to
om
rity
cts

are
ies
par-
the
as-
m-

of
are
al
ll.
ace.

ing
.
ch

an-
me
gle
ies

e a
ua-
tart-
m-
state models with the general form of Eq.~4!. These models
are known to describe transitions from steady state to st
slip sliding. A clear connection with the model propos
here and the rate-and-state models in the literature exists
evident from the dynamical system in Eq.~25!, that has a
form equivalent to Eq.~4!. Equation ~25! is derived here
from the dynamical system in Eq.~17!, and alternative deri-
vations, using more realistic assumptions on the behavio
the contact, may of course lead to different dynamical s
tems.

The key ingredient that leads to the coupling of the d
ferential equations is in this case thex-z coupling by way of
rate dependent material behavior. We would like to str
thatx-z coupling is unique to the sliding contact and that t
study of stationary contacts, is in this sense, of limited va
for the understanding of sliding friction. Regardingz as a
state parameter the equivalence of this description with
rate-and-state descriptions becomes clearer. In rate-and-
descriptions for ‘‘dry’’ friction, the state parameter is usua
loosely related toArz . In this case an explicit relation toArz
andArx is proposed using various simplifying assumption
Sec. IV B, starting from the friction ‘‘law’’ in Eq.~16!. The
choice of friction law, Eq.~16!, was motivated in Sec. III E
indicating that under the experimental conditions pressu
underneath the asperity must lead to substantial irrevers
deformation of some contact volume in the substrate.

Clearly, in all the descriptions of dynamic sliding beha
ior major assumptions are made and this case is not diffe
in this respect. However, this is clear where assumpti
were made and what they entail. This should aid further
perimental and theoretical efforts. A few remarks on sub
quent work are appropriate.

The chosen material behavior is characterized by a st
that increases monotonously with applied strain rates.
velocity weakening in the model is due to the normal motio
caused by the inability of the substrate material to respon
phase with the deformation at high rates applied, and
geometry of the asperity. This ground for weakening w
originally proposed by Tolstoi@29#. A subtle difference with
the rate-and-state models in the literature is that there
weakening behavior is often putinto the dynamical system
rather than following it, as is the case here.

The velocity strengthening at high velocities is tentative
connected to a lower limit on the sliding depth and thus
the projected contact surfaces of the deformed volume. T
limit on the sliding depth may be attributed to the instan
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neous modulus of the substrate or, alternatively, on adhe
at the sliding interface or on pile up of the deforming su
strate, effects that have not been explicitly entered in
description here.

The simplicity of the contact situation, and the detail
experimental record, were helpful in analyzing this spec
single asperity sliding friction contact. Its relation with oth
single asperity contacts has been pointed out in Figs. 4~a!–
4~c!. Deliberately designing experiments so that parts of
working ranges overlap, would be helpful in mapping o
possible qualitative changes in sliding behavior and whet
they are in any way related to the different contact situatio
that may be defined for stationary contacts.

Concentrating on contact situations within the range
the LFA, the main question is whether the results presen
here have any significance pertaining to more practical,
as some would argue more interesting, multiasperity sit
tions.

Single asperity contacts can in some aspects be simila
multiasperity contacts. This should already be evident fr
the success of rate-and-state descriptions for multiaspe
contacts as those do not refer to individual asperity conta
of the multiasperity contact. When enough contacts
present, sufficient averaging over the individual propert
and behavior occurs and individual asperities are not ap
ent in the experimental record. The question is whether
averaged behavior is similar to the behavior of a single
perity contact. In this respect a notion introduced by Bau
berger is interesting. He defines contacts that consists
enough asperities to allow for decent averaging, but that
‘‘dilute’’ in the sense that during an experiment an individu
asperity will be in sliding contact only one time, or not at a
This means that a true single pass experiment is taking pl
Any irreversible changes to the asperities~on a time scale
that would be characteristic for the time between two slid
events of an asperity! will not appear in the sliding behavior
One could further demand that all individual contacts in su
a dilute multiasperity sliding contact are independent. Me
ing that the behavior of one of the sliding contacts at so
time would be indistinguishable from its behavior as a sin
asperity. In the case at hand is it likely that two asperit
that are separated by a distance@R will behave in such a
way. In that case a situation arises that is very much lik
single asperity contact. Judicious experimenting with sit
tions that approach multiasperity contacts ever closer, s
ing, e.g., from two-asperity contacts with adjustable geo
1-13
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etry, or single asperity contacts on substrates with adjust
geometry might indicate whether any qualitative change
behavior occur when the multiasperity contact situat
changes from a set of noninteracting sliding asperities t
set of interacting sliding asperities. The linear stability ana
sis of the present dynamical system shows how complica
the nonlinear response of a sliding system may be t
change in relevant dynamic parameters. Clearly linear
trapolations of sliding friction behavior cannot be expec
to be meaningfula priori and the experiments propose
should cover as wide a region of dynamical parameter sp
as possible.
s
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In conclusion, the fact that a dynamical system that inc
porates a simple friction law, combined with rough appro
mations of the resulting forces on the asperity, already le
to qualitative agreement with all measured trends, is rat
hopeful. Notwithstanding this fact, the proposed model m
be considered a first attempt. Considering the simplicity
the description with respect to material behavior and str
states, it seems clear where improvements are needed a
is reasonable to assume that they could lead to more qu
tative agreement. It is believed this work may be useful a
guide to further experimental and theoretical work, adress
practical as well as more fundamental issues, especiall
the area of friction and wear of polymers.
n-

c.

id

9.
@1# C. M. Mate, G. M. McClelland, R. Erlandsson, and S. Chian
Phys. Rev. Lett.59, 1942~1989!.

@2# J. Israelachvili and P. J. McGuiggan, J. Mater. Res.5, 2223
~1990!.

@3# C. P. Hendriks and W. P. Vellinga, Rev. Sci. Instrum.71, 2391
~2000!.

@4# J. H. Dieterich, J. Geophys. Res.84, 2161~1979!.
@5# A. Ruina, J. Geophys. Res.88, 10 359~1983!.
@6# For a recent review: C. Scholz, Nature~London! 391, 37

~1998!.
@7# H. Yoshizawa and J. N. Israelachvili, J. Phys. Chem.97,

11 300~1993!.
@8# S. Nasuno, A. Kudolli, J. P. Gollub, Phys. Rev. Lett.79, 949

~1997!.
@9# J. C. Géminard, W. Losert, and J. P. Gollub, Phys. Rev. E59,

5881 ~1999!.
@10# W. Losert, J. C. Ge´minard, S. Nasuno, and J. P. Gollub, Phy

Rev. E61, 4060~2000!.
@11# T. Baumberger, Solid State Commun.102, 175 ~1997!.
@12# F. Heslot, T. Baumberger, B. Perrin, B. Caroli, and C. Caro

Phys. Rev. E49, 4973~1994!.
@13# See, e.g., Jianping Gao, W. D. Luedtke, and Uzi Landm

Phys. Rev. Lett.79, 705 ~1997! and references therein.
@14# J. Grasman,Asymptotic Methods for Relaxation Oscillation

and Applications, Applied Mathematical Sciences Vol. 6
~Springer-Verlag, New York, 1987!.
g,

.

li,

n,

@15# A. Dhinojwala, S. C. Bae, S. Granick, Tribol Lett.9, 55
~2000!.

@16# J. A. Greenwood and J. P. B. Williamson, Proc. R. Soc. Lo
don, Ser. A259, 300 ~1966!.

@17# I. N. Sneddon, Int. J. Eng. Sci.3, 47 ~1965!.
@18# K. L. Johnson, K. Kendall, and A. D. Roberts, Proc. R. So

London, Ser. A324, 301 ~1971!.
@19# B. V. Derjaguin, V. M. Muller, and Y. P. Toporov, J. Colloid

Interface Sci.53, 314~1975!; M. F. Linker and J. H. Dieterich,
J. Geophys. Res.97, 4923~1992!.

@20# D. Maugis, J. Colloid Interface Sci.150, 243 ~1992!.
@21# R. W. Carpick, D. F. Ogletree, and M. Salmeron, J. Collo

Interface Sci.211, 395 ~1999!.
@22# K. L. Johnson, inMicro/Nanotribology and its Applications,

edited by B. Bhushan~Kluwer Academic, Dordrecht, 1997!.
@23# For example, M. Giri, D. Borsfield, W. M. Unertl, Tribol. Lett.

9, 33 ~2000!.
@24# K. L. Johnson,Contact Mechanics~Cambridge University,

Cambridge, 1985!.
@25# E. Kumacheva, Prog. Surf. Sci.58, 75 ~1998!.
@26# F. P. Bowden and D. Tabor,The Friction and Lubrication of

Solids~Oxford, Clarendon, 1950!.
@27# S. Frings, thesis, Eindhoven University of Technology, 199
@28# W. C. Oliver and G. M. Pharr, J. Mater. Res.8, 297 ~1993!.
@29# D. M. Tolstoi, Wear10, 199 ~1967!.
@30# K. Li, B. Y. Ni, and J. C. M. Li, J. Mater. Res.11, 1574

~1996!.
@31# NDSolve, Mathematica 4.0, www.wolfram.com
1-14


